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ANALYSIS OF WAVE FUNCTIONS, ENERGY LEVELS AND CROSS-
SECTION FOR (", K*) REACTIONS USING NUMEROV’S METHOD
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Abstract
In this paper, the wave functions of single lambda particle for A-hypernucleus are calculated by
using Numerov’s method. And then, the single lambda particle energy levels of various A-
hypernucleus in Woods-Saxon potential have been studied. Moreover, the single A-binding energy
and differential cross-section for A-hyperon production (¥, K*) reactions of l/sB , l/fC , 2fSi and
SiY have been calculated. The calculated theoretical results of single A-binding energy and

differential cross-section are well in agreement with the experimental results of KEK. All the

numerical calculations are conducted with the help of Fortran-2019 Program.
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Introduction

A nuclear reaction is a process in which the nucleus of an atom is changed by being split
apart or joined with the nucleus of another atom. There are many types of nuclear reaction. But,
the (n*, K") reactions are studied. The single lambda binding energy, energy levels and differential
cross-section for (n*,K*) reactions are being gone to study by using phenomenological potential.

The ordinary nucleus consists of protons and neutrons which are subatomic particles called
by elementary particles. A hypernucleus is similarly a nucleus but consists of the protons and
neutrons in addition to at least one hyperon which is a baryon carrying the strangeness quantum
number.[11] Baryon is massive composite hadron which is made up of three quarks and is
subdivided into two groups: nucleon and hyperon.

Nucleon consists of a proton and neutron. Hyperon, a strange particle, is larger mass than
the nucleon and consisting one or more strange quark and is also called the strange particle.
Hyperons are produced by the strong force (about 102 s) and decayed by the weak force (about
101%s). There are four kinds of hyperons. They are Lambda (A), Sigma (Y), Xi (£) and Omega
(Q). In 1952, Marian Danysz and Jerzy Pniewski discovered the first nucleus.[14] They used the
nuclear emulsion technique, based on their energetic but delayed decay.

Nowadays, lambda particle is interested by scientists in the field of nuclear physics. A
product of a proton collision with a nucleus was found to live for much longer time than
expected: 101 s instead of the expected 10°%s in 1947 during a study of cosmic ray interactions.
This particle name is lambda (A) and the property was dubbed “strangeness” and the name stuck
to be the name one of the quarks from which the lambda particle is constructed. The composition
of A is made up of uds which means up, down and strange quark. The mass of A° is 1115.683 +
0.006 MeV/c?. The spin of A° particle is 1/2 and isospin is 0.[13] A lambda particle has been
produced with (z*,K*), (K", n") and (zn",K") reactions. A-hyperon does not need to obey Pauli’s
exclusion principle and can penetrate into the nuclear interior and form deeply bound hypernuclear
states.

Aim
The research paper aim is to analyze the energy levels, single lambda binding energy and
differential cross-section for (n*,K") reactions using Numerov’s method.
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Numerov’s Method

Numerov’s method was developed by Boris Vasil’s Numerov who is the Russian
astronomer. The Numerov’s method, a numerical method, is used to solve the ordinary
differential equation of second order in which the first term does not appear.[7]

The Numerov’s method can be used to solve differential equation of the form:
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The three values of yn.1, ¥n, Yn+1 taken at three equidistant points Xn.1, Xn, Xn+1 are related
as follows:
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Woods-Saxon Potential

The Woods-Saxon potential is used in nuclear physics because it is an important part of
understanding the interactions between nucleons (protons and neutrons) inside atomic nuclei. By
understanding potential, it can pay insight into the behavior of nucleons, which can help better
understand the properties of nuclei, such as binding energy and wave functions. Additionally, the
potential can be used to calculate the properties of nuclear reactions and scattering particles of
the nuclei.

The Woods-Saxon potential, a mean field potential, is a phenomenological potential used
to describe the interaction between nucleons (protons and neutrons) inside an atomic nuclei and
is used to describe approximately the forces applied on each nucleon, in the nuclear shell model
for the structure of the nucleus. This potential is named after Roger D. Woods and David S.
Saxon.[12]

The form of the potential, in terms of the distance r from the center of nucleons is:
VO
r-rR
=

where, Vo =the potential well depth

V() =-

(3)

a =the length representing the surface thickness of the nucleus
r =the distance from the center of nucleus
R =the nuclear radius

Numerov’s Calculation of Binding Energy and Differential Cross-section
for Lambda Single Particle

A transition matrix is a matrix that relates the initial and final states of a physical systems
undergoing a transition or scattering process. The transition matrix, a square matrix, describes the
probabilities of moving from one state to another in a Markov chain.[10] The transition matrix
for the (x*, K*) reaction provides a quantitative description of the scattering process. The
transition probability per unit time for state yi to yr due to the perturbation can be calculated
using the time-independent perturbation theory and is given by:
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where, Tr=the squared matrix element of the perturbation Hamiltonian between the
initial and final state

Ei-Es=the Dirac delta function that enforces energy conservation

- A - -
In the Sx(=",K") %X reaction, the target nucleus X is consisted of a neutron and a

core nucleus. The incident particle =" interacts only with the neutron while the core nucleus
remains as a spectator. The elementary process is ©° +n — A+ K", and if the emitted A sticks to

A . . . .
the core nucleus ,X hypernucleus is produced. The schematic diagram of reaction process
is as follows;

Figure 1. Schematic Diagram of (z*,K") Reaction

The nuclear cross-section in nuclear physics is used to design and optimize nuclear
reactor and study the properties of atomic nuclei and develop new nuclear technologies.[9] The
differential cross-section is calculated to determine the probability of the various A-hyperon
production reactions.
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where, — = incident flux
Vo
hRoCz L. . .
Vo = S = incident pion velocity

0

L) L)
p(E) = [—) dkl (—] dK = number of allowed final states
27 271

S(E; - EM)= energy conservation term

The differential cross-section for (z*, K*) reaction becomes
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Results and Discussions
In this section, the wave functions, energy levels, single A binding energy and differential
cross-section will be studied.
Wave Functions for “B(z",K")'YB Reaction
In this *B(x",K")'Breaction, it has two states which are Osi» and Ops. state. The wave

functions have only positive region. The wave functions of *°B(z* K *)*Breaction are shown in figure

@).

u(r)

—0s1/2
——0p3/2

r(fm)

Figure 2. Wave Functions for *B(z".K*)"’B Reaction

Wave Functions for *c(x*,K")*c Reaction
In this “c@" K*)"?creaction, the wave functions have only positive region. The wave
functions start increasing from 0 fm. The wave functions for **c(z*,K*)* c reaction are shown in figure

3.
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Figure 3. Wave Functions for *c(x"*,K")'?c Reaction



J. Myanmar Acad. Arts Sci. 2023 Vol. XXI1. No.2 139

Wave Functions for *six*,K")? si Reaction

In this **si(x" K ")’ si reaction, the four spin states can be found. They are 0sy2, Opar, Op12 and

Ods, states. The wave functions of Opsz and Opi. are nearly identical. The wave functions for

®si(n* K ") si reaction are shown in figure 4.
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Figure 4. Wave Functions for *si(z*,K*)’si Reaction

Wave Functions for *v(z*,K")* Y Reaction

The wave functions for *Y(x*,K")* Y reaction are found positive and negative region which

are shown in figure 5. This reaction has 0Sy2, Opsp, Opw2, 0ds2, 1S12, Oda, Of72 and 1ps, states. And
then, the wave functions of various spin states are found in figure 5.
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Figure 5. Wave Functions for *Y(z*,K*)® Y Reaction

Lambda Single-particle Energy Levels for VVarious Hypernuclei

Numerov’s method computes for single-particle energy levels of Woods-Saxon Potential
which has analytical result. The numerical calculation results replicate the single-particle energy
levels using Woods-Saxon potential which justifies the Numerov’s method to solve the second
order differential equation. The results of calculated energy eigen values for single lambda
particle using Woods-Saxon potential are shown in figure 6.
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Figure 6. Lambda Single-Particle Energy Levels with Woods-Saxon Potential for Various

Hypernuclei

Single Lambda Binding Energy and Differential Cross-section for ‘°B(x",K*)''B Reaction

In this *B(x",K")'\B reaction, the two clear peaks of the calculated theoretical spectrum of

the A-binding energy for sx=-9.7 MeV, p»=0.2 MeV and differential cross-section for s,\=0.017
ub/sr, pa=0.053 pb/sr are shown in figure 7.

The KEK experimental results of the ground state of the single A-binding energy at Ba=-
9.1+0.1 MeV and the excitation state of the single A-binding energy at BA=0.19+0.2 MeV and
the ground state of the values of differential cross-section at 6=0.017+£0.02 pb/sr and the
excitation state at 6=0.057%0.14 pb/sr are shown in figure 8.[6]

The comparison of the theoretical results and the experimental results of KEK for the A-
binding energy and differential cross-section of *°B(z",K*)''B reaction is shown in table 1. It can be

concluded that the theoretical results of A-binding energy and differential cross-section are well
in agreement with the experimental results of the KEK.
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Figure 7. Calculated Results of Single A—Binding Energy and Differential Cross-section for

B(n* K*)?B Reaction
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Figure 8. Experimental Results of Single A-Binding Energy and Differential Cross-section for
B’ K" BReaction.
Table 1. The Comparison with the Calculated Theoretical Results and the

Experimental Results of KEK for the A-Binding Energy and Differential
Cross-section of *°B(x*,K")'YB Reaction.

Bz, K")'\B Reaction

Differential Cross-section (o)
BE(MeV) (ub/sr)
Peaks SA Pa SA Pa
Calculated Results 9.7 0.2 0.017 0.053
Experimental Results | o9, | 19402 0.017+0.2 0.057+0.14
(KEKO[6] 1+0. 1940, 017+0. 057+0.
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Single Lambda Binding Energy and Differential Cross-section for “C(zx*,K*)'C Reaction

In “c(x*,K")"C reaction, the calculated theoretical spectrum shows the two clear peaks

of the A-binding energy for sx= -10.9 MeV, pA=-0.6 MeV and differential cross-section for sx= 0.166
ub/sr, pa=0.168 pub/sr which are shown in figure 9.

The KEK experimental results of the ground state of the single A-binding energy at Ba=-
10.8+0.1 MeV and the excitation state of the single A-binding energy at BA=-0.1+0.2 MeV and
the ground state of the values of differential cross-section at ¢ =0.17+0.02 pb/sr and the
excitation state at 6=0.1920.02 pb/sr are shown in figure 10.[6]

The comparison with the calculated theoretical results and the experimental results of
+,12

KEK for the A-binding energy and differential cross-section of **c(x*,K*)'?C reaction are shown
in table 2. The calculated theoretical results of A-binding energy and differential cross-section are
well in agreement with the experimental results of the KEK.
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Figure 9. Calculated Results of Single A-Binding Energy and Differential Cross-section for
“c@' K" cReaction
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Figure 10.  Experimental Results of Single A—Binding Energy and Differential Cross-section for
2@’ K" cReaction
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Table 2. The Comparison with the Calculated Theoretical Results and the
Experimental Results of KEK for the A-Binding Energy and Differential

Cross-section of “c(x*,K")*’C Reaction.

“c@' K" c Reaction
Differential Cross-section (o)
BE(MeV)
(ub/sr)
Peaks SA PA SA PA
Calculated Results -10.9 -0.6 0.166 0.168
Experimental Results
-10.8+0.1 | -0.1+0.2 0.17+£0.02 0.19+0.02
(KEK)[6]

Single Lambda Binding Energy and Differential Cross-section for “*Si(x*,K")*'Si Reaction

In *si(x* K*)’si reaction, the calculated theoretical spectrum shows the two clear peaks

of the A-binding energy for sx=-16.8 MeV, pa= -7.2 MeV, da= 1.1 MeV and differential cross-
section for sa= 0.0138 pb/sr, pa=0.037 ub/sr, dA=0.046 pb/sr which are shown in figure 11.

The KEK experimental results of the ground state of the single A-binding energy at Ba=-
16.6+£0.2 MeV, -7.0£0.2 MeV and the excitation state of the single A-binding energy at
BA=1.0+£0.8 MeV and the ground state of the values of differential cross-section at o
F0.09i{)2.0[ 16 ]ub/sr, 0.027+0.05 pb/sr and the excitation state at 6=0.051+0.016 pb/sr are shown in

igure 12.

The comparison with the calculated theoretical results and the experimental results of KEK for
the A-binding energy and differential cross-section of *si(x*,K*)*si reaction are shown in table

3. The calculated theoretical results of A-binding energy and differential cross-section are well in
agreement with the experimental results of the KEK.
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Figure 11. Calculated Results of Single A-Binding Energy and Differential Cross-section for
#si(x" K")%’si Reaction
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Figure 12. Experimental Results of Single A-Binding Energy and Differential Cross-section for

®si(x" K" )?si Reaction.

Table 3. The Comparison with the Calculated Theoretical Results and the
Experimental Results of KEK for the A-Binding Energy and Differential
Cross-section of ?si(x*,K ")’ si Reaction.

#si(" K ")’ si Reaction
Differential Cross-section (o)
BE(MeV)
(pb/sr)

Peaks SA PA da SA pa da
Calculated 1501 75 | 11 0.0138 0.037 0.046

Results
Experimental 10

Results 166 1 7.0 | SY ) 6000+0.01 | 0.027+0.05 | 0.051+0.016

0.2 | 20.2 | +0.2
(KEK)[6] -

+,89

Single Lambda Binding Energy and Differential Cross-section for *Y(z*,K*)*,Y Reaction

In ¥y " K")*Y reaction, the calculated theoretical spectrum shows the two clear peaks

of the A-binding energy for sa=-22.99 MeV, pa= -16.75 MeV, da= -9.72 MeV, fa= -2.31 MeV
and differential cross-section for sa= 0.0078 pb/sr, pa=0.0409 ub/sr, da=0.117 ub/sr, f4=0.141
ub/sr which are shown in figure 13.

The KEK experimental results of the ground state of the single A-binding energy at Ba=-

22.0+0.5 MeV, -16.1+0.3 MeV, -9.3+0.4 MeV, -2.3+0.3 MeV and the values of differential cross-
section at ¢ =0.008+0.005 pb/sr, 0.04+0.01 pb/sr, 0.13+0.04 ub/sr, 0.138+0.05 pb/sr are shown in

figure 14.[6]
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The comparison with the calculated theoretical results and the experimental results of KEK for
the A-binding energy and differential cross-section of *Y(x*,K*)® Y reaction are shown in table

4. The calculated theoretical results of A-binding energy and differential cross-section are well in
agreement with the experimental results of the KEK.
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Figure 13.  Calculated Results of Single A-Binding Energy and Differential Cross-section for
®y@',KH®Y Reaction
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Figure 14.  Experimental Results of Single A-Binding Energy and Differential Cross-section for
¥y KH®Y Reaction
Table 4. The Comparison with the Calculated Theoretical Results and the
Experimental Results of KEK for the A-Binding Energy and Differential
Cross-section of ¥ Y(z" K")*Y Reaction.
®y@",K")* Y Reaction
Differential Cross-section (o)
BE(MeV) (ub/sr)
State Iculated Iculated i I
CaRcu ate KEK Experimental Calculate KEK Experimenta
esults Results (MeV/)[6] Results Results
(MeV) (ub/sr) (ub/sr) [6]
SA -22.99 -22.0+0.5 0.0078 0.008+0.005
pA -16.75 -16.1+0.3 0.0409 0.04+0.01
da -9.72 -9.3£0.4 0.117 0.13+£0.04
fa -2.31 -2.310.3 0.141 0.138+0.05
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Conclusion

In this paper, the single lambda energy levels of A-hypernuclei have been analyzed. The
two-body Schrodinger equation of second order differential form is solved by Numerov’s
Method and Taylor Series. The energy eigen values for various spin states are carried out by

using Fortran-2019 program. Moreover, the energy levels diagrams for *'B,%’c,%siand *Y

have been computed using Woods-Saxon potential. It is found that the more nuclear mass
number, the less lambda single-particle energies in A-hypernucleus. Furthermore, it can be
concluded that the calculated theoretical results of A-binding energy and differential cross-
section are well in agreement with the experimental results of KEK.
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